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Abstract. In this extended abstract we define the notion of lifting of a crossed module in groups with operations and state some
properties of this type of liftings. Furthermore for a certain crossed module we give a categorical equivalence between the lifting
of crossed modules and internal groupoid actions in groups with operations.

Keyword: Group with operations, crossed module and internal groupoid

INTRODUCTION

A groupoid is a small category in which each arrow has an inverse and a group-groupoid is an internal groupoid in the
category of groups.

Crossed modules defined by Whitehead in [19] can be viewed as 2-dimensional groups [4] and have been widely
used in homotopy theory [5], the theory of identities among relations for group presentations [6], algebraic K-theory
[11], and homological algebra [10, 12]. See [5] for a discussion of the relation of crossed modules to crossed squares
and so to homotopy 3-types.

In [7, Theorem 1] Brown and Spencer proved that group-groupoids are categorically equivalent to crossed mod-
ules over groups. Then in [18, Section 3], Porter proved that a similar result holds for certain algebraic categories
introduced by Orzech [17] and called categories of groups with operations including categories of groups, rings, as-
sociative algebras, associative commutative algebras, Lie algebras, Leibniz algebras, alternative algebras and others.

Mucuk and Şahan in [13] have recently defined the notion of lifting for crossed modules and proved that the
liftings of a certain crossed module are categorically equivalent to the actions of associated group-groupoid.

The object of this work is to explain how to extend the results given in [13] to more general groups with opera-
tions. Giving the definition of lifting crossed module, we observe some properties of such lifting crossed modules and
then state that for an internal groupoid G in groups with operations, groupoid actions of G on groups with operations
and liftings of the crossed module corresponding to G are categorically equivalent.

PRELIMINARIES

A groupoid G has a set G of morphisms, which we call just elements of G, a set Ob(G) of objects together with maps
d0, d1: G → Ob(G) and ε: Ob(G) → G such that d0ε = d1ε = 1Ob(G). The maps d0, d1 are called initial and final
point maps respectively and the map ε is called object inclusion. If a, b ∈ G and d1(a) = d0(b), then the composite
a ◦ b exists such that d0(a ◦ b) = d0(a) and d1(a ◦ b) = d1(b). So there exists a partial composition defined by
Gd1 ×d0 G → G, (a, b) �→ a ◦ b, where Gd1 ×d0 G is the pullback of d1 and d0. Further, this partial composition
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is associative, for x ∈ G0 the element ε(x) acts as the identity, and each element a has an inverse a−1 such that
d0(a−1) = d1(a), d1(a−1) = d0(a), a ◦ a−1 = εd0(a) and a−1 ◦ a = εd1(a). The map G → G, a �→ a−1 is called the
inversion.

A morphism f : H → G is a pair of maps f : H → G and f0: Ob(H) → Ob(G) such that d0 f = f0d0, d1 f = f0d1,
f ε = ε f0 and f (a ◦ b) = f (a) ◦ f (b) for all (a, b) ∈ Hd1 ×d0 H.

A morphism p: ˜G → G of groupoids is said to be a covering morphism and ˜G a covering groupoid of G if for
each x̃ ∈ Ob(˜G) the restriction S t

˜G x̃→ S tG p(x̃) is bijective.
An action of a groupoid G on a set X via a function θ: X → Ob(G) is defined in [3] to be a function ψ: Xθ×d0 G →

X, (x, a) �→ xa defined on the pullback Xθ ×d0 G of θ and d0 such that (1) θ(xa) = d1(a) for (x, a) ∈ Xθ ×d0 G; (2)
x(a ◦ b) = (xa)b for (a, b) ∈ Gd1 ×d0 G and (x, a) ∈ Xθ ×d0 G and (3) xε(θ(x)) = x for x ∈ X.

According to [3] given such an action, semidirect product groupoid G�X is defined to be the groupoid with object
set X and elements of (G � X)(x, y) the pairs (a, x) such that a ∈ G(θ(x), θ(y)) and xa = y. The groupoid composite is
defined to be

(a, x) ◦ (b, y) = (a ◦ b, x)

when y = xa.
The idea of groups with operations comes from Higgins [9] and Orzech [17]; and the axioms below are from

Porter [18] and Datuashvili [8, p.21] adapted from Orzech [17].
Let C be a category of groups with a set of operations Ω and with a set E of identities such that E includes the

group laws, and the following conditions hold: If Ωi is the set of i-ary operations in Ω, then

1. Ω = Ω0 ∪Ω1 ∪Ω2;
2. The group operations written additively 0,− and + are the elements of Ω0, Ω1 and Ω2 respectively. Let Ω′2 =
Ω2\{+}, Ω′1 = Ω1\{−} and assume that if � ∈ Ω′2, then �◦ defined by a �◦ b = b � a is also in Ω′2. Also assume
that Ω0 = {0};

3. For each � ∈ Ω′2, E includes the identity a � (b + c) = a � b + a � c;
4. For each ω ∈ Ω′1 and � ∈ Ω′2, E includes the identities ω(a + b) = ω(a) + ω(b) and ω(a) � b = ω(a � b).

Then the category C satisfying the conditions (1)-(4) is called a category of groups with operations.
From now on C will be a category of groups with operations.
The set Ω0 contains exactly one element, the group identity; hence for instance the category of associative rings

with unit is not a category of groups with operations.
The categories of groups, rings generally without identity, R-modules, associative, associative commutative, Lie,

Leibniz, alternative algebras are examples of categories of groups with operations.
A morphism between any two objects of C is a group homomorphism, which preserves the operations of Ω′1 and

Ω′2.
If A and B are objects of C an extension of B by A is an exact sequence

0 −→ A
ı−→ E

p−→ B −→ 0

in which p is surjective and ı is the kernel of p. It is split if there is a morphism s: B→ E such that ps = ıdB. A split
extension of B by A is called a B-structure on A. Given such a B-structure on A we get actions of B on A associated
with the binary operations in C. For any b ∈ B, a ∈ A and � ∈ Ω′2 we have the actions called derived actions by
Orzech [17, p.293] defined by b · a = s(b) + a − s(b) and b � a = s(b) � a

An internal category C in C is a category in which the initial and final point maps s, t: C ⇒ Ob(C), the object
inclusion map ε: Ob(C) → C and the partial composition ◦: Ct ×s C → C, (a, b) �→ a ◦ b are the morphisms in the
category C.

Note that since ε is a morphism in C, ε(0) = 0 and that the operation ◦ being a morphism implies that for all
a, b, c, d ∈ C and � ∈ Ω2,

(a � c) ◦ (b � d) = (a ◦ b) � (c ◦ d)

whenever one side makes sense. This is called the interchange law [18]. We know from [18] that any internal
category C in C is an internal groupoid since for given a ∈ C, a−1 = εd1(a) − a + εd0(a) satisfies a−1 ◦ a = εd1(a)
and a ◦ a−1 = εd0(a). Therefore we prefer the term internal groupoid rather than internal category and write G for an
internal groupoid.

030004-2



In particular if C is the category of groups, then an internal groupoid G in C becomes a groupoid object in
the category of groups, which is quite often called 2-group, see for example [2], group-groupoid or G-groupoid [7].
Recently the notion of monodromy for topological group-groupoids was developed in [14] and the normality and
quotient in group-groupoids were developed in [15]. In the case where C is the category of rings, an internal groupoid
is a ring object in the category of groupoids [16] (see also [1] for topological R-module case).

We say that an internal groupoid G in C acts on an object X of C, if the underlying groupoid of G acts on the
underlying set of X such that the maps θ: X → G0 and ψ: Gd0 ×θ X → X, (g, x) �→ g • x in the groupoid action are
morphisms in C. We write (X, θ, ψ) for an action. Here note that Gd0 ×θ X → X, (g, x) �→ g • x is a morphism in C if
and only if

(g � b) • (h � y) = (g • x) � (h • y)

for x, y ∈ X; g, h ∈ G and � ∈ Ω2 whenever one side is defined.
A morphism f : (X, θ, ψ) → (X′, θ′, ψ′) of such actions is a morphism f : X → X′ of groups with operations and

underlying operations of G. Hence we have a category ActC(G) of actions of G in C.
As an example if G and ˜G are internal groupoids in C and p: ˜G → G is a covering morphism of internal groupoids,

then the internal groupoid G acts on the group with operations X = Ob(˜G) via p0: X → Ob(G) assigning to x ∈ X and
a ∈ S tG p(x) the target of the unique lifting ã in ˜G of a with source x̃.

A crossed module in groups with operations is formulated in [18, Proposition 2] as a morphism α: A → B in
C, where B acts on A with the conditions for any b ∈ B, a, a′ ∈ A, and � ∈ Ω′2: (1) α(b · a) = b + α(a) − b; (2)
α(a) · a′ = a + a′ − a; (3) α(a) � a′ = a � a′; (4) α(b � a) = b � α(a) and α(a � b) = α(a) � b.

By [18, Theorem1] the category XMod(C) of crossed modules and the category Cat(C) of internal groupoids in
C are equivalent.

RESULTS

In this section we give the notion of lifting crossed module and state the properties of crossed modules associated with
internal groupoid actions in C.

Let G be an internal groupoid acting on a group with operations X by an action Gd0 ×θ X, (g, x) �→ g • x, via a
morphism of groups with operations θ: X → Ob(G) and (A, B, α) the crossed module associated with G. Then we have
a morphism θ: X → B of groups with operations and actions of X on A = S tG0 defined by

x · a = 1θ(x) + a − 1θ(x) and x � a = 1θ(x) � a and by the internal groupoid action of G on X we have a morphism
of groups with operations ϕ: A→ X, a �→ ϕ(a) = a • 0x such that θϕ = α, where 0x ∈ Ω0.

Now we prove the following theorems.

Theorem 1 By the action of X on A defined above, (A, X, ϕ) becomes a crossed module in C.

Theorem 2 Let (A, B, α) be a crossed module in C and θ: X → B a morphism of groups with operations. Then
any morphism of groups with operations ϕ: A→ X such that θϕ = α is a crossed module in C with the action defined
via θ if and only if the map ϕ: A � X → X defined by ϕ(a, x) = ϕ(a) + x is a morphism of groups with operations.

Now we define the notion of lifting of a crossed module as follows.

Definition 1 Let (A, B, α) be a crossed module and θ: X → B a morphism of groups with operations. Then a
crossed module (A, X, ϕ) in which the action of X on A is defined via θ, is called a lifting of α over θ and denoted by
(ϕ, X, θ) if α = θϕ.

It is clear that every crossed module (A, B, α) lifts to itself over the identity morphism 1B on B.

Theorem 3 . Let (A, B, α) be a crossed module, X a group with operations and let θ: X → B be an injective
morphism of group with operations. Then any morphism of group with operations ϕ: A → X such that θϕ = α
becomes a lifting of α over θ.

Theorem 4 Let G be an internal groupoid in C and (A, B, α) the crossed module associated with G. Then the
category ActC(G) of internal groupoid actions of G in C and the category LXModC/(A, B, α) of lifting crossed modules
of (A, B, α) are equivalent.
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