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Abstract. A graph labeling is an assignment of integers to the vertices, edges, or to both, and it is subject to certain conditions.
In this paper, a new concept of graph labeling called binary operation labeling is introduced. Let G = (V, E) be a (n,m)-graph and
let f : V(G) → 1, 2, ..., n be a bijection. We define f ∗ on E(G) by f ∗(uv) = ( f (u) + f (v))/2 if both f (u) and f (v) are odd or both
are even and f ∗(uv) = ( f (u) f (v))/2 if u is odd and v is even or vice versa for each uv ∈ E(G). If f ∗ is injective on E(G), then f is
called a binary operation labeling. The graph G is said to be a binary operation graph if G admits a binary operation labeling. Some
results for this new type of labeling are contributed.

PACS:02.10.Ox.

Introduction

By a graph G = (V, E) we mean a finite undirected and simple graph. The order and size of G are denoted by n and m
respectively.
A degree of a vertex v of any graph G is defined as the number of edges incident on v. It is denoted by deg(v). For
graph theoretic terminology we refer to Harary [13]. Abundant literature exists concerning the structure of graphs
admitting a variety of functions that assign real numbers to their vertices and edges so that certain given conditions
are satisfied. Here we are interested in the study of vertex functions.
A graph G consists of a set of vertices and a set of edges. If a non negative integer f (v) is assigned to each vertex v
of G then the vertices of G are said to be labeled (numbered). G is itself a labeled graph if each edge e = uv is given
the value f (uv) = f (u) ∗ f (v), where ∗ is a binary operation. In the literature one can find that the ∗ is either addition,
multiplication, modulo addition or absolute difference, modulo subtraction or symmetric difference. Clearly, in the
absence of additional constraints, every graph can be labeled in infinitely many ways. Thus, utilization of labeled
graph models requires imposing of additional constraints which characterize the problem being investigated. Most
graph labeling methods trace their origin to one introduced by Rosa [17] in 1967, or one given by Graham and Sloane
[12] in 1980. For a recent survey on graph labeling we refer to Gallian [9]. Earlier surveys, restricted to one or two
labeling methods, including [5], [6], [10],[11], [14],[18],[19], and [20]. The book edited by Acharya, Arumugam, and
Rosa [1] includes a variety of labeling methods that were not discussed in [9].
In this paper, new type of labeling by vertices is introduced. The results obtained here is focused on maximal binary
operation graphs were, a proof is obtained that any graph having a vertex with certain degree greater than the upper
boundary; cannot be labeled with binary operation labeling. Its also proved that the maximal binary operation graph
G , has at most one vertex of degree n − 1 and at most one vertex of degree 1. Labeled graphs serve as a useful
model for a broad range of applications such as: coding theory, x-ray crystallography, radar, astronomy, circuit de-
sign, communication network addressing, data base management, secret sharing schemes, and models for constraint
programming over finite domains. Also, graph labelings are used for incorporating redundancy in disks, designing
drilling machines, creating layouts for circuit boards, and configuring resistor networks–see [2], [3], [4], [7], [8],
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[15],[16],[21] and [22],for details. According to Wang, B. Yao, and M. Yao [23], graph labelings are used for incorpo-
rating redundancy in disks, designing drilling machines, creating layouts for circuit boards, and configuring resistor
networks .

Binary operation graphs

Definition 1. A (n,m)-graph G = (V, E) is said to be a binary operation graph if there exists a bijection f : V(G) →
1, 2, . . . , n, such that the induced edge function f ∗ : E(G)→ defined as

f ∗(uv) =

{
( f (u) + f (v))/2 i f f (u) and f (v) are both odd or even (a)
( f (u) f (v))/2 i f u is odd and v is even or vice versa (b)

}
(1)

Definition 2. A maximal binary operation graph on n vertices is a binary operation graph with maximum number of
edges.

remark 3. In a maximal binary operation graph, let v be any vertex, then we divide the set of labels of edges that
incident to v into two sets S v and Mv according to 1(a) and 1(b) as follows.

S v = {( f (v) + f (u))/2; i f f (v) and f (u) are both odd or even}

=

{
( f (v))/2 + k; k = 0, . . . , dn/2e − 1, k f (v)/2, i f f (v) and f (u) are both even

( f (v) + (2k + 1))/2; k = 1, . . . , dn/2e, kb f (v)/2c, i f f (v) and f (u) are both odd

}
and Mv = { f (v) f (u)/2 i f f (v) is even and f (u) is odd or vice versa}

=

{
f (v)/2 + k f (v); k = 0, . . . , dn/2e − 1 i f f (v) is even and f (u) is odd

2k f (v); k = 1, . . . , bn/2c i f f (v) is odd and f (u) is even

}
Theorem 4. If G(n,m) is a binary operation graph, then deg(v) ≤ n − w − 1, where

w =

{
bn/2 f (v)c i f f (v) is even (a)

b(n + f (v))/2 f (v)c − 1 i f f (v) isodd (b)

}
(2)

Theorem 5. In a maximal binary operation graph G , there is at most one vertex of degree n − 1.

lemma 6. In the maximal binary operation graph, deg(v) = 1 if f (v) satisfies the following conditions{
(v) < 2n/(n − 2); f (v) < n − 2, i f f (v) is even and n is odd or vice versa
f (v) < 2n/(n − 3); f (v) < n − 3, i f f (v) and n are both even or both odd

}
Note 7. eg(v1) ≥ 2;∀n > 2, since f ∗(v2v1) = 1 and we get the edge of label 2 by either f ∗(v1v3) or f ∗(v1v4).

Theorem 8. In a maximal binary operation graph G there is at most one vertex of degree 1.

REFERENCES

[1] B. D. Acharya, S. Arumugarn, and A. Rosa, Labeling of Discrete Structures and Applications, Narosa Pub-
lishing House, New Delhi, (2008).

[2] I. Arkut, R. Arkut, N. Ghani, Graceful label numbering in optical MPLS networks, In: Proc. SPIE, 4233
(2000) 1-8 OptiComm 2000: Optical Networking and Communications. Imrich Chlamtac: Ed (2000).

[3] I. C. Arkut, R. C. Arkut, and A. Basak, Topology constrained label switching for multicast routing,
http://www.academia.edu/4370947/

[4] A. Basak,MPLS multicasting using caterpillars and a graceful labelling scheme, IEEE Conference Publica-
tions, Information Visualisation, 2004. IV (2004), Proceedings. Eighth International Conference on, 382-387.
Digital Object Identifier: 10.1109/IV.2004.1320172.

[5] J. C. Bermond,Graceful graphs, radio antennae and French windmills, Graph Theory and Combinatorics,
Pitman, London 18-37, (1979).

030008-2



[6] G. S. Bloom, A chronology of the Ringel-Kotzig conjecture and the continuing quest to call all trees graceful,
Ann. N.Y. Acad. Sci., 326, 32-51, (1979).

[7] G. S. Bloom and S. W. Golomb, Applications of numbered undirected graphs, Proc. IEEE, 65, 562-570,
(1977).

[8] G. S. Bloom and S. W. Golomb, Numbered complete graphs, unusual rulers, and assorted applications, in
Theory and Applications of Graphs, Lecture Notes in Math., 642, Springer-Verlag,New York 53-65, (1978).

[9] J. A. Gallian, A Dynamic Survey of Graph Labeling, The Electronic Journal of Combinatorics, Twentieth
edition, December 22,(2017).

[10] J. A. Gallian,A survey: recent results, conjectures and open problems on labeling graphs,J. Graph Theory,
13, 491-504,(1989).

[11] J. A. Gallian, A guide to the graph labeling zoo, Discrete Appl. Math., 49, 213-229, (1994).
[12] R. L. Graham and N. J. A. Sloane, On additive bases and harmonious graphs, SIAM J. Alg. Discrete Meth-

ods, 1, 382-404, (1980).
[13] F. Harary,Graph Theory, Addison-Wesely, Reading , Massachusetts ,(1969).
[14] K. M. Koh, D. G. Rogers, and T. Tan, A graceful arboretum: a survey of graceful trees, in Proceedings of

Franco-Southeast Asian Conference, Singapore, May 2, 278-287,(1979).
[15] A. Meissner and K. Zwierzynski,Vertex-magic total labeling of a graph by distributed constraint solving in

the Mozart System, in Parallel Processing and Applied Mathematics, Lecture Notes in Computer Science,
3911 Springer Berlin/Heidelberg, (2006).

[16] J.-F. Puget,Breaking symmetries in all different problems, in Proceedings of SymCon04, the 4th International
Workshop on Symmetry in Constraints, (2004).

[17] A. Rosa, On certain valuations of the vertices of a graph, Theory of Graphs (Internat.Symposium, Rome,
July 1966), Gordon and Breach, N. Y. and Dunod Paris 349-355, (1967).

[18] M. A. Seoud and M. N. Al-Harere, Some non combination graphs, Applied Math. Sciences, 6, no. 131,
6515-6520, (2012).

[19] M. A. Seoud and M. N. Al-Harere, Some notes on combination graphs, Ars Combin. ,129, 95-106, (2016).
[20] M. A. Seoud and M. N. Al-Harere, Further results on square sum graphs, Nat. Acad. Sci. Lett., 37 (2014),

no. 5, 473-475.
[21] B. M. Smith and J.-F. Puget,Constraint models for graceful graphs, Constraints 15, 64-92, (2010).
[22] M. Sutton,Sumable Graphs Labellings and Their Applications, Ph. D. Thesis, Dept. Computer Science, The

University of Newcastle, (2001).
[23] H. Wang, B. Yao, and M. Yao,Generalized edge-magic total labellings of models from researching networks,

Inform. Sci., 279, 460-467, (2014).
[24] Lions, J. L., Exact Controllability, Stabilizability, and Perturbations for Distributed Systems, Siam Rev. 30,

1-68, (1988).
[25] C. M. Dafermos, C. M., An abstract Volterra equation with application to linear viscoelasticity. J. Differential

Equations 7, 554-589, (1970).

030008-3

https://doi.org/10.1111/j.1749-6632.1979.tb17766.x
https://doi.org/10.1109/PROC.1977.10517
https://doi.org/10.1007/BFb0070364
https://doi.org/10.1016/0166-218X(94)90210-0
https://doi.org/10.1137/0601045
https://doi.org/10.1137/0601045
https://doi.org/10.1007/s40009-014-0264-1
https://doi.org/10.1007/s10601-009-9071-6
https://doi.org/10.1016/j.ins.2014.03.132
https://doi.org/10.1137/1030001
https://doi.org/10.1016/0022-0396(70)90101-4
https://doi.org/10.1016/0022-0396(70)90101-4
https://doi.org/10.1002/jgt.3190130410

