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Abstract. A neoclassical exchange economy consists of finitely many agents where each agent has a strictly monotone and strictly
convex preference, and a non-zero initial endowment such that the total endowment is strictly positive. Applying analytic topologi-
cal methods, Arrow and Debreu [1] proved the existence of a competitive equilibrium in such an economy. Furthermore, Scarf [10]
proved that the core of a neoclassical exchange economy is non-empty and compact. It is not difficult to observe that every com-
petitive equilibrium is a core allocation, but the converse does not hold in general. In 1964, Aumann [2] established an interesting
result showing that the converse holds for an exchange economy with a continuum of agents.

In 1979, Radner [9] introduced the concept of rational expectations equilibrium in economies in which traders have different
information about the items to be traded. Since then, many mathematicians and economists have been trying to extend the afore-
mentioned work of Nobel laureates Arrow, Debreu and Aumann to economies with differential information. Very often, studying
such economies needs advanced techniques from modern analysis and topology. In this talk, I will present the recent research work
of mine and my coauthors in this direction.
Keywords: Aumann’s core equivalence; Economy with differential information; Ex-post core; Rational expectations equilibrium
PACS: 02.50. Le

INTRODUCTION

The basic or central economic problem asserts that an economy’s finite resources are insufficient to satisfy all human
wants and needs. It assumes that human wants are unlimited, but the means to satisfy human wants are limited. In
the literature, there are two important concepts which have been widely accepted and applied to address this problem.
One concept is that of the core. This concept is based on the behaviorial assumption that agents want to improve
their position and that to achieve a preferred situation they are willing to cooperate. The idea of this concept already
appeared in the writings of Edgeworth [5]. The modern definition is due to Gillies [7] for non-zero sum games. The
other one is the concept of a Walrasian (or competitive) equilibrium. This is based on the behaviorial assumption that
agents want to improve their position but consider the price system as given and make their decisions independently
of each other. The state of equilibrium is achieved through all these individually taken decisions. This concept is due
to Walras in 1874.

In 1964, Aumann proved his celebrated core equivalence theorem, which states that the set of core allocations in
a neoclassical atomless economy is identical to the set of Walrasian equilibrium allocations. Here, the non-atomicity
captures the notion that each trader is insignificant when compared to the whole. The profound significance of this
result is that our model of such an economy can be organized so that if its traders are coordinated by prices, then there
is no group that can organize its own holdings so as to make itself better off. In the past 50 years, many researchers
have been trying to extend Aumann’s core equivalence theorem to various settings of economic systems. To overcome
the disadvantage of a neoclassical exchange economy that does not capture the uncertainty, Radner [8] considered
economies with differential information. Furthermore, to capture the information revealed by the market clearing
price, Radner [9] introduced the notion of a (Bayesian) rational expectations equilibrium by imposing the Bayesian
(subjective expected utility) decision doctrine.
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In this talk, I will consider a generalized Radner’s model of an economic system E , in which the space of agents is
a measure space (A,A , ν), the exogenous uncertainty is described by a probability space (Ω,F ,P) and the commodity
space is the Euclidean space R` (We assume there are ` many commodities in the market). In each state ω ∈ Ω, the
consumption set for each agent a ∈ A is R`+. Each a ∈ A is characterized by (Fa,U(a, ·, ·), e(a, ·),Pa):
- Private information: Fa is the σ-algebra generated by a partition Πa ⊆ F of Ω.
- Preference: U(a, ·, ·) : Ω × R`+ → R is the state-dependent utility function of a such that
(A1) for each a ∈ A and each ω ∈ Ω, U(a, ω, ·) is continuous, monotone and strictly concave;
(A2) for each a ∈ A and each x ∈ R`+, U(a, ·, x) is Fa-measurable;
(A3) for each x ∈ R`+, U(·, ·, x) is A ⊗F -measurable.
- Physical resources: e(a, ·) : Ω→ R`+ is the state-dependent initial endowment of agent a such that

(A4) For all ω ∈ Ω, e(·, ω) is ν-integrable with
∫

A
e(·, ω)dν � 0;

(A5) For each a ∈ A, e(a, ·) is Fa-measurable;
(A6) e is A ⊗F -measurable.
- Prior beliefs: Pa is a probability measure on F .
Formally, the economy E can be expressed as

E = {(Ω,F ,P); (A,A , ν); R`+; (Fa,U(a, ·, ·), e(t, ·),Pa)a∈A},

which is called an economy with differential (or asymmetric) information. Any subset S ∈ A with ν(S ) , 0 is called
a coalition in E .

A price system of E is an F -measurable function π : Ω→ ∆, where

∆ :=
{
p ∈ R`+ : p � 0 and ‖p‖1 = 1

}
.

The information revealed by a price system π is given by the sub-σ-algebra σ(π) of F generated by π. A function
f : A × Ω → R`+ such that f (·, ω) is ν-integrable for all ω ∈ Ω is called an assignment. If an assignment f is also
feasible, i.e., ∫

A
f (·, ω)dν =

∫
A

e(·, ω)dν

for all ω ∈ Ω, it is called an allocation. The function fa = f (a, ·) : Ω→ R`+ is called an assignment of agent a. If fa is
Ga-measurable, it is called a rational assignment of agent a.

Let LREE
a be the collection of all rational assignments of agent a. The Bayesian expected utility V(a, ·|Ga)(·) :

LREE
a ×Ω→ R of a w.r.t. Ga is defined by

V(a, x|Ga)(ω) := EPa [U(a, ·, x(·))|Ga] (ω).

When Ω is finite, EPa [U(a, ·, x(·))|Ga] (ω) is expressed as∑
ω′∈Πa∨Ππ(ω)

U(a, ω′, x(ω′)) ×
Pa(ω′)

Pa(Πa ∨ Ππ(ω))
,

which is just the usual conditional expectation, where Ππ is the partition of Ω generated by the price system π. The
budget correspondence B : A ×Ω × ∆⇒ R`+ is defined by

B(a, ω, p) =
{
x ∈ R`+ : 〈p, x〉 ≤ 〈p, e(a, ω)〉

}
for all (a, ω, p) ∈ A ×Ω × ∆. Given an agent a ∈ A, a state of nature ω ∈ Ω and a price system π : Ω→ ∆, let

BREE(a, ω, π) =
{
x ∈ (R`+)Ω : x(ω′) ∈ B(a, ω′, π(ω′)) ∀ω′ ∈ Ga(ω)

}
.

Given an allocation f and a price system π, the pair ( f , π) is called a rational expectations equilibrium, if

(1) for all a ∈ A, f (a, ·) is Ga-measurable,
(2) for all (a, ω) ∈ A ×Ω, f (a, ω) ∈ B(a, ω, π(ω)),
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(3) for all (a, ω) ∈ A ×Ω,
V (a, f (a, ·)|Ga) (ω) = max

x∈BREE (a,ω,π)∩LREE
a

V (a, x|Ga) (ω).

If ( f , π) is a rational expectations equilibrium in E , then we call f a rational expectations equilibrium allocation. The
set of all rational expectations equilibrium allocations in E is denoted by REE(E ).

Let f be an allocation in an economy E , let S ∈ A be a coalition. We say that f is ex-postly blocked by S if there
exist a state of nature ω0 ∈ Ω and an assignment g such that

(4)
∫

S
g(·, ω0)dν =

∫
S

e(·, ω0)dν, and

(5) U(a, ω0, g(a, ω0)) > U(a, ω0, f (a, ω0)) µ-a.e. on S .

In addition, an allocation f is called an ex-post core allocation if it cannot be ex-postly blocked by any coalition in E .
The ex-post core of E , denoted by C(E ), is the set of all the ex-post core allocations of E .

Results

In this section, I will present some recent results on the following question.

Question 1 Is there any relationship between REE(E ) and C(E )? In particular, does Aumann’s core equivalence
theorem hold in our generalized Radner model E ?

Recall that a subset B ∈ A is said to be an atom in (A,A , ν) if ν(B) > 0 and if, for every C ∈ A with C ⊆ B, one
of C and B \C is ν-null. In addition, E is said to be atomless, if (A,A , ν) contains no atom.

Theorem 1 ([6]) Assume (A1), (A2), (A4) and (A5). If E is atomless and Ω is finite, then REE(E ) = C(E ).

To prove Theorem 1, Einy et al. first established two representation theorems on REE(E ) and C(E ), and then
applied Aumann’s core equivalence theorem for economies with complete information. One may ask what happens if
Ω is infinite. Analogously, we also have some representation results.

Theorem 2 ([3]) Assume that E satisfies (A1)–(A3), (A5) and (A6). Then, f ∈ REE(E ) if and only if f (ω, ·) ∈
W(ω) for all ω ∈ Ω and f is A ⊗F -measurable.

Theorem 3 ([4]) Assume that E satisfies (A1), (A3) and (A6). Then C(E ) , ∅. Moreover,

C(E ) = { f : f is an allocation and f (ω, ·) ∈ C(ω) for all ω ∈ Ω} .

Corollary 1 ([4]) Assume that E satisfies (A1)–(A6). Then REE(E ) ⊆ C(E ).

However, under the same assumptions (A1)–(A6), Aumann’s core equivalence theorem may not hold when E has
infinitely many states of nature. Below is a counterexample.

Example 1 Let E be defined by

E =
{
(Ω,F ,P); (A,A , ν); R2

+; (Fa,U(a, ·, ·), e(a, ·),Pa)a∈A

}
,

where A = Ω = [0, 1], A and F are the Borel σ-algebra on [0, 1], ν and P are the Lebesgue probability measure.
Let Fa and Pa be arbitrary for each agent a ∈ A. The utility and the initial endowment of each agent are given by
U(a, ω, x) =

√
x1 +

√
x2 and

e(a, ω) =

 (1, 2), if (a, ω) ∈
[
0, 1

2

]
×Ω;

(3, 2), if (a, ω) ∈
(

1
2 , 1

]
×Ω,

respectively. It can be readily checked that E satisfies (A1)–(A6). However, in Example 3.11 of [4], Bhowmik and Cao
constructed an f ∈ C(E ), but f < REE(E ).
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Conclusion

We conclude that in considering the ex-post core and the set of rational expectations equilibrium allocations in an
economy with differential information, as showed in [6], if the economy is atomless, has finitely many states of nature
and the utility function of each trader is measurable with respect to his private information field, then Aumann’s core
equivalence theorem still holds, that is, the set of rational expectations equilibrium allocations coincides with the ex-
post core. However, as Example 1 shows, this generally does not hold, when an economy has infinitely many states of
nature. In this case, the first fundamental theorem of social welfare still holds.
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