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a b s t r a c t

A fuzzy subset α of a fuzzy topological space is fuzzy sequentially compact if any sequence
x = (λxnan ) of fuzzy points in α has a generalized fuzzy subsequence which is fuzzy
convergent in α. More generally we say that a fuzzy subset α of a fuzzy topological space
X is G-fuzzy sequentially compact if any sequence x = (λxnan ) of fuzzy points in α has a
generalized fuzzy subsequence y such that G(y) ∈ α where G is a function from a suitable
subset of the set of all sequences of fuzzy points in X . We investigate some of the basic
properties of this compactness and suggest some open problems.

© 2009 Elsevier Ltd. All rights reserved.

1. Introduction

One is often relieved to find that the standard neighbourhood definition of compactness formetric spaces can be replaced
by a sequential definition of compactness. That many of the properties of compactness of sets can be easily derived using
sequential arguments has also been, no doubt, a source of relief to the interested mathematics instructor.
It is well known that a subset F of a topological space is sequentially compact if any sequence x = (xn) of points in

F has a convergent subsequence whose limit is in F . Recently, Çakallı introduced [1] a new generalization of sequential
compactness in the sense that a subset F of a topological group X is G-sequentially compact if any sequence x = (xn) of
points in F has a convergent subsequence y such that G(y) ∈ F where G is an additive function from a subgroup of the group
of all sequences of points in X . G is called a sequential method on X . Such methods in arbitrary topological spaces can be
generated by ordinary convergence, statistical convergence [3], lacunary statistical convergence [2] or more generally by I
convergence [4]. For more details about different kinds of constructions of such methods one may consult [5,6,1].
It is nowwell known that the concept of fuzzy topology and fuzzy compactnesswas first studied in [7,8] and subsequently

for the last four decades a lot of work has been done on fuzzy compactness. In this context it should be noted that fuzzy
compactness has been defined in many ways taking different approaches, some of which can be found in [9,7,10,11,8] or
more recently in [12,13] wheremore references can be found. The basic definitions and properties sequences of fuzzy points
were discussed in [20].
On the other hand the ideas of statistical convergence, lacunary statistical convergence andmore recently I convergence

(or generalized statistical convergence) have been extended to sequences of fuzzy numbers (see [14–19]). Under the
circumstances it seems natural to investigate whether an idea like the fuzzy sequential method can be introduced and
consequently can be used to yield a new and very general approach into defining fuzzy compactness as in [1].
In this work we do precisely that and introduce an idea of a fuzzy sequential method G. With the help of this method

we define certain types of sequential compactness in a fuzzy topological space and primarily show that they reasonably
satisfy the basic properties of sequential compactness. We also suggest some open problems. The results proved here also
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effectively extend the similar kinds of results proved in [1]. However due to the change in settings, the definitions and
methods of proofs are not always analogous to those of [1].

2. Definitions and notation

We first reproduce the basic concepts of fuzzy topology which will be used in this work, for easy reference. Most of these
can be seen in [9,7,10–12,8,13]. However we have modified some of the definitions to suit our needs.
Let X be a non-empty set and let I = [0, 1]. IX will denote the set of all functions λ : X 99K I . A member of IX is called a

fuzzy subset of X .
If k ∈ I , kX or simply kwill denote the fuzzy subset of X taking the value k all over X .
For two fuzzy subsets λ and ν of X we write λ ⊂ ν if λ(x) ≤ ν(x) for all x ∈ X .
If x ∈ X and a ∈ (0, 1], by the fuzzy point λxa we mean the fuzzy subset of X which takes the value a at the point x and 0

elsewhere.
If µ ∈ IX and µ(x) ≥ a, then we write λxα ∈ µ.

Definition 1. A collection τ of fuzzy subsets of X satisfying

(i) k ∈ τ ∀k ∈ I,
(ii) νi ∈ τ ∀i ∈ ∆ H⇒ ∨{νi : i ∈ ∆} ∈ τ ,
(iii) µ, ν ∈ τ H⇒ µ ∧ ν ∈ τ

is called a fuzzy topology on X . The pair (X, τ ) is called a fuzzy topological space. Members of τ will be called fuzzy open
sets and the fuzzy sets 1− ν where ν ∈ τ will be called fuzzy closed sets of (X, τ ). Fuzzy topology on a fuzzy subset ν of X
can be similarly defined, just replacing k by k ∧ ν in (i).

Definition 2. A fuzzy point λxa is called a fuzzy limit point (a fuzzy accumulation point) of a fuzzy set ν if for any fuzzy open
set µwith λxa ∈ µ, we have µ ∧ ν1 6= 0 where ν1(x) = 0 and ν(y) = ν1(y) for all y ∈ X , y 6= x.
For a fuzzy subset α of X ,∨{λxa : λ

x
a is a fuzzy accumulation point of α} is called the derived set of α and is denoted by α

′.
The fuzzy set α ∨ α′ is called the fuzzy closure of α, denoted by α.

Definition 3. σ ⊂ τ is said to be a fuzzy open base of τ if for every µ ∈ τ there is a subfamily {νi}i∈∆ ⊂ σ such that
µ = ∨{νi : i ∈ ∆}.
If the fuzzy topology τ has a countable open basis σ , then (X, τ ) is said to be a fuzzy second countable space.

Definition 4. A collection of fuzzy open sets σ(λxa) is said to form a fuzzy local base at the fuzzy point λ
x
a if for any ν ∈ τ

with λxa ∈ ν, there is a µ ∈ σ(λ
x
a) such that λ

x
a ∈ µ ⊂ ν.

If the fuzzy topology τ is such that every fuzzy point λxa has a countable local basis σ(λ
x
a), then (X, τ ) is said to be a fuzzy

first countable space.

Definition 5. (X, τ ) is said to be fuzzy Hausdorff if for any two fuzzy points λxa and λ
y
b (x 6= y), there exist ν, µ ∈ τ such

that λxa ∈ ν, λ
y
b ∈ µ and ν ∧µ = 0. Further (X, τ )will be called strongly fuzzy Hausdorff if for fuzzy points λ

x
a and λ

x
b, a 6= b

in X , there exist ν, µ ∈ τ such that ν ∧ µ = 0 at all points y of X , y 6= x.

Definition 6. A sequence (λxnan) of fuzzy points in X is said to be fuzzy convergent if there exists a fuzzy point λ
x0
a0 in X such

that for any fuzzy open set ν with λx0a0 ∈ ν, there exists an n0 ∈ N such that λxnan ∈ ν∀n ≥ n0. In this case we will write
f − limn λxnan = λ

x0
a0 and λ

x0
a0 is called a fuzzy limit of the sequence (λ

xn
an).

A fuzzy subset α of X will sometimes be called fuzzy sequentially closed if every fuzzy convergent sequence of fuzzy
points in α converges to a fuzzy point in α.

Definition 7. Let x = (λxnan) be a sequence of fuzzy points in X . A sequence y = (λ
ym
bm) of fuzzy points will be called a

generalized fuzzy subsequence of x if ym = xkm for some km (k1 < k2 < k3 < · · ·) and bm ≤ akm∀m ∈ N.

Any generalized fuzzy subsequence of a fuzzy convergent sequence is fuzzy convergent to the same fuzzy point.

Definition 8. We say that a fuzzy subset α of (X, τ ) exhibits generalized fuzzy sequential compactness if any sequence of
fuzzy points x = (λxnan) in α has a generalized fuzzy subsequence y = (λ

ym
bm)which is fuzzy convergent in α.

Fromnowon, by a fuzzy sequentially compact setwewillmean a generalized fuzzy sequentially compact set. Throughout
this work, Nwill denote the set of all positive integers. In this work, X will always denote a fuzzy topological space. We will
use bold-face letters x, y, z, . . . for sequences x = (λxnan), y = (λ

yn
bn), z = (λzncn), . . . of fuzzy points of X . s(X) and c(X)

will denote the set of all sequences of fuzzy points of X and the set of all fuzzy convergent sequences of fuzzy points of X
respectively.
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By a method of fuzzy sequential convergence, or briefly a fuzzy method, we mean a function G defined on a subset of
s(X), denoted by cG(X), into the set of all fuzzy points of X . We also assume that cG(X) contains all sequences of the form
(λxnan) where xn = x ∀n and G((λ

xn
an)) = λ

x
a where a ≤ supan. The inspiration for considering such a method came from [5]

(also [3]). A method G is called fuzzy regular if every fuzzy convergent sequence x = (λxnan) is G-fuzzy convergent with
G(x) = f − lim x.
We now introduce the following definition.

Definition 9. A fuzzy point λxa is called a G-fuzzy sequential accumulation point of α if there is a sequence x = (λxnan) of
fuzzy points in α with xn 6= x for any n ∈ N such that G(x) = λxa.

In other words, a fuzzy point λxa is in the G-fuzzy sequential closure of α if there is a sequence x = (λ
xn
an) of fuzzy points

in α such that G(x) = λxa. We denote the G-fuzzy sequential closure of a set α by α
G. We say that a fuzzy set α is G-fuzzy

sequentially closed if it contains all of the fuzzy points in its G-fuzzy closure.
Now we introduce the following definitions of fuzzy sequential compactness of a fuzzy subset α of X .

Definition 10. A fuzzy subset α of X is called G-fuzzy sequentially compact if whenever x = (λxnan) is a sequence of fuzzy
points in α there is a generalized fuzzy subsequence y = (λymbm) of xwith G(y) ∈ α.

For regular methods any fuzzy sequentially compact subset of X is also G-fuzzy sequentially compact and the converse
is not always true.

Definition 11. A fuzzy subset α of X is called G-fuzzy sequentially Frechet compact if any fuzzy subset β of α with β(x) > 0
for infinitely many points x ∈ X has at least one G-fuzzy sequential accumulation point in α.

Finally following the lines of [5,3], a fuzzymethod will be called fuzzy subsequential if whenever x is G-fuzzy convergent
with G(x) = λx0a0 , then there is a generalized fuzzy subsequence y = (λ

ym
bm) of xwith f − limm λ

ym
bm = λ

x0
a0 .

3. Main results

Firstly, we note that if α is a fuzzy subset of X with α(x) > 0 for only finite number of points of X , then it immediately
follows that α is G-fuzzy sequentially compact. The union of two G-fuzzy sequentially compact subsets of X is G-fuzzy
sequentially compact and the intersection of anyG-fuzzy sequentially compact subsets of X isG-fuzzy sequentially compact.

Theorem 1. Let G be a fuzzy regular subsequential method. Then a fuzzy subset α of X is G-fuzzy sequentially compact if and
only if it is fuzzy sequentially compact.

Proof. Letα be aG-fuzzy sequentially compact subset ofX and x = (λxnan)be any sequence of fuzzy points inα. Asα isG-fuzzy
sequentially compact, there exists a generalized fuzzy subsequence y = (λykbk) of the sequence x such that G(y) = λ

x0
a0 ∈ α.

As G is a fuzzy subsequential method, there is a generalized fuzzy subsequence z = (λzmcm) of the sequence y such that
f − limm λzmcm = λ

x0
a0 . Hence α is fuzzy sequentially compact.

Now take a fuzzy sequentially compact subset α of X and let x = (λxnan) be any sequence of fuzzy points in α. As
α is fuzzy sequentially compact, there exists a generalized fuzzy subsequence y = (λ

yk
bk
) of the sequence x such that

f − limk λ
yk
bk
= λ

x0
a0 ∈ α. As G is fuzzy regular, G(y) = λ

x0
a0 . This completes the proof of the theorem. �

Theorem 2. AnyG-fuzzy sequentially closed subset of a G-fuzzy sequentially compact subset of X is G-fuzzy sequentially compact.

Proof. Let α be any G-fuzzy sequentially compact subset of X and β be a G-fuzzy sequentially closed subset of α. Take
any sequence x = (λxnan) of fuzzy points in β . Then x is a sequence of fuzzy points in α. Since α is G-fuzzy sequentially
compact, there is a generalized fuzzy subsequence y = (λ

yk
bk
) of the sequence x such that G(y) ∈ α. Now the generalized

fuzzy subsequence y is also a sequence of fuzzy points in β . Since β is G-fuzzy sequentially closed, G(y) ∈ β . Thus x has a
generalized fuzzy subsequence ywith G(y) ∈ β . So β is G-fuzzy sequentially compact. �

Theorem 3. Let G be a fuzzy subsequential method and (X, τ ) be fuzzy Hausdorff. Then for any G-fuzzy sequentially compact
subset α of X, αG(x) > 0 H⇒ α(x) > 0 ∀x ∈ X.

Proof. Let α be any G-fuzzy sequentially compact subset of X . Let x0 ∈ X be such that αG(x0) > 0. If possible let α(x0) = 0.
Write αG(x0) = a0. Then λ

x0
a0 ∈ αG. Then there is a sequence x = (λxnan) of fuzzy points in α such that G(x) = λ

x0
a0 .

Since G is a fuzzy subsequential method, there is a generalized fuzzy subsequence y = (λ
yk
bk
) of the sequence x such that

f − limk λ
yk
bk
= λ

x0
a0 . Now by the G-fuzzy sequential compactness of α, there is a generalized fuzzy subsequence z = (λ

zn
cn) of

the subsequence y such that G(z) = λy0b0 ∈ α (note that b0 > 0). Again there is a generalized fuzzy subsequencew = (λ
wp
dp )
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of z such that f − limp λ
wp
dp = λ

y0
b0
. Sincew is also a generalized fuzzy subsequence of y, then it is also fuzzy convergent to λx0a0 .

But since α(x0) = 0 and λ
y0
b0
∈ α where b0 > 0, then y0 6= x0. Since (X, τ ) is fuzzy Hausdorff,w cannot be fuzzy convergent

to both λy0b0 and λ
x0
a0 since y0 6= x0. This contradiction shows that α(x0) > 0 and this completes the proof of the theorem. �

Corollary 4. Let G be a fuzzy regular subsequential method and (X, τ ) be strongly fuzzy Hausdorff. Then any G-fuzzy sequentially
compact subset of X is G-fuzzy sequentially closed.

Corollary 5. Let G be a fuzzy regular subsequential method. Then any G-fuzzy sequentially compact subset of X is fuzzy
sequentially closed.

Lemma 6. Let G be a fuzzy regular method. Then G is a fuzzy subsequential method if and only if α = αG for every fuzzy subset
α of X.

Theorem 7. Let G be a fuzzy regular subsequential method and X be infinite and fuzzy first countable. Then a fuzzy subset α of
X is G-fuzzy sequentially compact if and only if it is G-fuzzy sequentially Frechet compact.

Proof. Let α be any G-fuzzy sequentially compact subset of X and β a fuzzy subset of α with β(x) > 0 at an infinite number
of points of X . We can choose a sequence x = (λxnan) of fuzzy points of β with distinct xns. G-fuzzy sequential compactness
of α implies that the sequence x has a generalized fuzzy subsequence y = (λykbk)with G(y) = λ

x0
a0 ∈ α. Then λ

x0
a0 is a G-fuzzy

sequential accumulation point of β . Thus α is G-fuzzy sequentially Frechet compact.
Now suppose that α is any G-fuzzy sequentially Frechet compact subset of X . Let x = (λxnan) be any sequence of fuzzy

points in α. If infinitelymany xns are equal, then clearly x has a generalized fuzzy subsequencewhich is G-fuzzy sequentially
convergent in α. Otherwise assume that no point of X appears as xn in the sequence xmore than a finite number of times.
We now consider a subsequence y = (λykbk) = (λ

xnk
ank
) of x with distinct yks. Let us construct the sequence of fuzzy subsets

(µn) of X in the following way:

µi(x) = bk if x = yk, k ≥ i,
= 0 otherwise.

Clearly µ1 ⊃ µ2 ⊃ µ3 ⊃ · · · and each of them has positive values at an infinite number of points of X . So each µn has a
G-fuzzy sequentially accumulation point. Thenwemust have

∧
∞

n=1 µn
G
6= 0. Let λx0a0 ∈

∧
∞

n=1 µn
G. Since G is a fuzzy regular

subsequential method, it follows from Lemma 6 that λx0a0 ∈
∧
∞

n=1 µn.
Let {νk : k ∈ N} be a countable local base at the point λx0a0 . Choose an n1 such that λ

yn1
cn1
∈ µ1 ∧ ν1 (clearly cn1 ≤ bn1 ).

Supposewehave chosenλ
yn1
cn1
, λ
yn2
cn2
, . . . , λ

ynm−1
cnm−1

.Wemay choose an nmwith nm > nm−1 such thatλ
ynm
cnm ∈ µm∧νm. Inductively

we may construct a generalized fuzzy subsequence z = (λ
ynk
cnk
) of the sequence y. Clearly z is also a generalized fuzzy

subsequence of x and it is fuzzy convergent to λx0a0 . Since G is fuzzy regular, G(z) = λ
x0
a0 . This completes the proof. �

Remark 1. As in [9] it follows that the fuzzymethodG actually defines a class of fuzzy sequential compactness. In particular,
if G corresponds to ordinary fuzzy convergence then we get the ordinary fuzzy sequential compactness. If G corresponds to
fuzzy statistical convergence or fuzzy lacunary statistical convergence or fuzzy I convergence then we get fuzzy statistical,
lacunary statistical or I sequential compactness. As in a general topological space, if one looks into the situation more
carefully then it becomes clear that for an admissible ideal I (statistical convergence is a special case if I = Id) I fuzzy
sequential compactness coincides with the ordinary fuzzy sequential compactness. However if G corresponds to fuzzy
lacunary statistical convergence or for that matter any arbitrary function then the situation is not clear and it seems that
certain new types of fuzzy sequential compactness (different from the ordinary case) can be found. In that situation the
following interesting open problems seem very natural.

Problem 1. Investigate the relationship between fuzzy lacunary statistical compactness and ordinary fuzzy statistical
compactness. Give an example of a fuzzy method Gwhich defines a different type of fuzzy sequential compactness.

Problem 2. Investigate the relationship of the G fuzzy sequential compactness with the existing types of fuzzy compactness
(as given in [12,8,13]).
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